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1. INTRODUCTION

Let A denote the class of analytic functions f in the unit discD ={z € C : |z| <1},with taylor

series expansion of the form

f(Z): Z+ Z?lozz AnZn (11)

normalised by the conditions f(0) = f"(0) — 1.Let S be the subclass of A, consisting of
univalent functions.A function f € A is called starlike, if f(D) is starlike and convex if f(D)

is convex.Let S* and C denote the classes of starlike and convex functions in S,

respectively. The analytic characterization of S* and C are given by:f € C iff Re% >0

and f € S*iff Re L2 > .
f o~

A function f € A is said to be close-to-star, if and only if there exists a function g(z) € S*

ReL® 5
g(z)
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Such a class of functions are denoted by CS*.A function feA is said to be in close to convex,
if and only if there exists a function g €C such that, for z eD
f(2)
Re——=>0
9’ (2)
The class of close to convex functions are denoted by K. A function f is said to be quasi-

convex in D if and only if there exists a convex function g with g(0)=0, g'(0)=1, such that, for

ZzeD

(zf (2))
e——==>0
9'(2)

Denote the class of quasi-convex functions by C*. Several authors considered convex

combination of the quantities and“--% and @@
g f(@) (@)

and others introduced subclasses of univalent functions of the form

and studied their properties. In [9],Noor

f'(z) Gf (@)
)+ — o
a (g'(z)) Q- 9'(2)
whose real part is positive with respect to a convex function g, proved very interesting
results and pointed out its relation with earlier known classes.The class of a-quasi convex
functions is denoted by Q,. In the year 2018, D.K.Thomas considered a subclass of univalent

functions f(z) satisfying

N 12 N A
Re(L) " (1429 5
f(2) f'(2)
and derived many interesting results. Motivated by the works of earlier authors, we in this
paper,introduce a subclass of univalent functions f(z) of the form (1.1) defined as follows.

Definition 1.1.A function f(z) € A is said to be in the class QS*(A) if there is a starlike
function g €S* such that

Ref(L2) (LY 50, zep im0, (2

We observe the following:
If f =g andA =1, then QS*(A) reduces to Q*, the class of quasi-starlike functions introduced

and studied by K.I.Noor[9].This implies that every member of QS*(A) is quasi-starlike and
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hence it is univalent.If 1=0, then QS*(4) reduces to the class of close-to-star functions[11]

studied by PawelZaprawa.

2. PRELIMINARIES
We shall need the following lemmas to prove our results.
Let P denote the Caratheodary function in D, with taylor expansion

P(2)=1+X7=1 PnZn (2.1)

satisfying Re p(z) > 0 for ze D.
Lemma 2.1[6]. For complex valued y, with |y|<1, and for some complex valued ¢ with |{|<1,
2p,=pi+y (4—pi)
4ps=pi+2 (4—pf) pry—(4—p7) ¥*+2(4-pi)(1-|y1%) <.
Lemma 2.2.[5] |p,|< 2 for n = 1 and |p, — Spf|< max{2, 2|u — 1]}.
Lemma 2.3.[1] If0< B < 1 and B(2B—1)< D < B then

[ps —2Bp1p,+Dpi|< 2.
Lemma 2.4.[1] [p; — (1+u) p1pz+ upi|<max {2,2]|2u — 1]},

3. THE COEFFICIENTS OF f(2)

In this section, we study coefficient problem for the function class QS*(A).

Theorem 3.1.Let f € QS*(A), for 1 >0 and given by(1.1).Then

2(2+2)
1+31 "'

laz| <

94+13414+1314%243043 <1<1
a+31)2@a+81) - T — 7
9+1161+1491%243013 1>1
(143021481 > L

las|<

48+12681+1537612+9520134+50001%+1836015+223561°+432017
3(1+31)3(1481)(14151)

4848721417536 12—304413+28401%+3132015+223561°+432017
3(1+31)3(1481)(1+151)

,0<1<1,
las|<

, A>1.
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All the inequalities are sharp.
Proof. Let
9(2) =z + Xn=a by 2" 31)

From (1.1), we have

(%)l_l (%)l: p(2), where pe P.

and we have g as a starlike function. Then there exists a function c(z) € P satisfying

zg'(z) _ _ o n
. c(z) =1+)7_1c z™.

. . . 2+ 3
Using (3.1), after simple computations, we get b, = ¢;,b3 = =—-2and by=" + 1+ =2
Then equating the coefficients we get,
q = PL 4 b2(HD)
271432 7 1431
Qe = P2 4 b3(14221) p3(91—912) b3 (4A+21%2-623) = p1by(1+16A+1512)
37 1482 1+81 2(14+31)2(1+821) (1+31)2(1+821) (1+31)2(1+84) '
P3 bs(1431) | bb3(222+282%-5023)  pip(241-2427) p2b2(1+361+3542)

A4 = Tis2 14154 (1+30)(1+80)(1+154)  (1+3)(1+8)(1+154) ' (1+30)(1+82)(1+154)

b3 (~761-26312—169423-23681*+10261°+23491°+108017) = p3(-811—2712-140413+15121*)

6(1+31)3(14+81)(1+152) 6(1+32)3(1+81)(1+151)
p%bz(—33/1+180/12—1o47,13—180/14+1080/15)_l_plbzz(—34,1+1o7,12—1045,13—1323/14+1215,15+1080,16)+
2(1432)3(1+81)(1+152) 2(14+321)3(1+81)(1+151)
p1b3(1+374+7012)
(14+32)(14+81)(1+151)°

The first inequality for |a,| is trivial. For |a3|, we have

Q= P2 p?(91-912) p1c1(14+164+152%)  c?(14+16A4251241223) = c(1421)
37 1481 | 2(1432)2(1+81) (1+32)2(1+82) 2(1+32)2(1+81) 2(1+82)

The first inequality for |as]| is obvious that on noting that the coefficients of p? and c¢? are

positive when 0< A < 1, and applying the inequalities |p,,|< 2 and |c,|< 2 for all n=1,2,...
The second inequality follows by a simple application of lemma(2.2) for p; and p;.

Now consider a4 such that a;, = A+ B + C + D, where
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__ D3 242(1=)p1p2 (—811-2712-140423+15121)p3
14154 (1+32)(1+82)(1+1521) 6(1+32)3(1+81)(1+152) !

_(1430)c3 . (1+362485124222%)c1c; . (1+104+36712-20613-156714+3241°+234916+108017)c3

T3(14151) | 2(1+31)(1+82)(1+1521) 6(1+321)3(1+82)(1+1521) ’
C=¢ [p%(—332+18022—1047/13—18014+108015) p2(14361+3512)
- 2(1+32)3(1484)(1+154) A+30)(1+81)(1+151) 1
and
D= [c%(1+9/1+408/12—292/13—693,14+1215,15+1080,16) c2(1437147022) ]
1 2(14+32)3(1484)(1+152) 2(1+3)(1+81)(1+152)1°

So that |ay|< |A] + |B| + |C| + |D].

Now for A, on the interval 0 < 1 < 1, we use lemma (2.1), to express the coefficient of p,

and p5 interms of p;, we get the inequality

IAl<

p3(14+112+432112-5491347921%) (4—p?)ply|(1+351) p(A=-pHlyl? . @-pHa-ly|®_ ( )
4(1432)3(1+821)(1+1521) 2(1432)(14821)(1+152) 4(14152) 2(1+152) =¢®y).

We now use elementary calculus to find the maximum of the above expression.We consider

the end points of [0,2]x [0,1]. First note that, for any value of 4,

_4a-y» 2
¢(0,y) = 2(1+151) = (1+152)’

2+422146422%2-109813+1584 1%

¢(2’ y) - (1+31)3@+81)(1+151) '’
_ p3(1+1121+3212%2-54923+7922%) 4-p?)
¢(p,0) = 4(14321)3(1+82)(1+151) 2(1+152)’
(0, 1) = p3(141121432112-549134+7922%) (4—p)2p(1+352) p(4—p)>
¢, 1) = 4(1432)3(1481)(1+151) 2(1430)(1+151)(14+154)  4(1+152)

So that the maximum of this will be

2+422146421%2-109813+1584 1%

(14+32)3(1+82)(1+151) Jfor 0<21<1.

A<

Now for A > 1,we now use lemma (2.3). First note that 0 <B < 1 and D > Bso that A is of

the form
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1
A =——1[ps — 2Bp:p, + Bp + (D — B)p;]

242(1-1) and D_1512,14—81,1—27,12—1404,13

with B:2(1+3,1—)(1+8/1) T 6(1+31)3(1+81)(1+154)

We see that D—B > 0, when 4 > 1

_ 1 (—91433312-118813+8641*)p3

T 14152 [2 + 6(1+31)3(1+82) ]
By using the inequality|p; — 2Bp;p, + Dp3|< 2 and again using the inequality |p, | < 2, for
all n=1,2,... we get the following

2+221464222-109813+1584 1%

Al = (1+32)3(1+81)(1+154)

So that for |A|,

24+221+64212-109823+1584 1%
(14+32)3(1+81)(1+1541) ’

2422146422%2-109823+1584 1% 1>1
(1+32)3(1+81)(1+1521) A

0<a<1
Al=

For B, since the coefficients of ¢, c, and ¢3 are positive when A > 0, using the inequality
|c,|< 2 for all n=1,2,...we get the result

2(6+1661+1814124269613+5021%+18901°+469816+216017)

B < 3(14+31)3(1+81)(1+152)

On the interval 0 < 1 < 1, we using the lemma(2.2) we have

C=c [ 1+361+3512 ( 233,1—180,12+1047,13+180,14—1080/15)]
1 [amsnasenasisy \P2 ~ Pt 2(1+31)2(1+361+3512)

Then we get the result

4(1+361+3512)

+32)(1+82)(1+152)" when 0< 1< 1.

Cl=<5

since the coefficient of p? and p, are positive when A > 1, applying the inequalities of
|p,.|< 2 and |c,|< 2 for all n=1,2,...,we get

4+361+176012-205213+5401%+43201°

ICl= (1+32)3(14+81)(1+154)

So that for C,
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4(1+361+3512
¢ ) ,0<1<1
Cl < (14321)(1+81)(14+152)
= ) 4+361+17601%2—2052 13 +5401%+43201° 1>1
(1432)3(1+81)(1+1521) =

For |D|, since the coefficient of cf are positive when A > 0, applying the inequalities |p,|< 2

and |c,,|< 2 for all n=1,2,...We get,

2(3+611+1117124+16923 75614 +243015421601°)

Dl= (1+321)3(14+81)(1+1541)

By adding all these on the interval 0 < A < 1, we get the first inequality of |a,|. As well as

we get the second inequality of |a4|, by adding all these results on the interval A > 1.

z
(1-2)%

The inequality |a,| is sharp with respect to p(z)zg and g(z)=

z

and the second

The first inequality of |as| is sharp with respect to p(z)zg and g(z)=

(1-2)?
inequality of |a,| is sharp with respect to p(z)zg and g(z):(l_z—z)z.
4. THE COEFFICIENTS OF log f(2)
The logarithmic coefficients §,,0f f € S are defined by
log(F2)= 2302, nz". (4.1)

These coefficients play an important role for various estimates in the theory of univalent

functions. For example, Koebefunction k(z)=z(1 — e z)~?for each 8 has logarithmic

inf

coefficientsd,, (k) = e» ,n > 1.The inequality |5, |< % holds f € Sand |5, |< % forfe C.

Theorem 4.1.Let fe QS*(1), g €S* for A = 0 and the coefficients of Iog(@) be given by

4.1. Then

241
1611< 057

34+601+831%241443
2(1+30)2(1+84) ’

3+481+671%41813
2(1+320)2(1+84) '’

|6,]<
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4+42431+91112+567813421951*—62701°—-172816+216017
3(1+32)3(1+81)(1+151)

4+4291+93512410917 A3 +37351%—127501°-178216+216047
3(1+32)3(1+81)(1+152)

,0<21<1,
|65]<

, A=>1.
The inequality |54 is sharp.

Proof. First note that differentiating (4.1), and equating the coefficient gives
1611= 5 @z, 1621 = 5 (a3 — a3), and |63] = 5(ay — aza3 + 5 ad).

The inequality of |5;] is trivial.

For |8,|, substituting for a,and a3, we obtain

s _l[ 2 p3(A—91%2-1) c2(1422) . cF(6A482%2-223)  p1ci(7A+712)
27 21l(a+81) | 2(1+30)2(1+81) | 2(1+81) | 2(1+3M)2(1+81) | (1+31)2(1+81)]

since all the coefficients are positive on 0 < A1 < 4, using inequalities |p,| < 2 and |c,,| < 2

for all n=1,2,..., we get the first inequality of |§,| and forA > 4.6 using lemma(2.2) withu =

2(2A3-61-812)

s aen we get the second inequality of |55|.

For |85, we again substitute from (3.1) to obtain. Here §3=F+G+H+J.

p3 p1p2(—1491-2422) P3(2—621—16512-999134+15121%)

where F:1+15/1 (1+32)(1+82)(1+151) 6(1+31)3(1+84)(1+154) '

_c3(1431) | c1c2(94+192%2-4723) +c13(—34,1—137/12—1284/13—2214/14+29415+2349,16+1080,17)
3(1+151)  (1+32)(1+81)(1+151) 6(1+31)3(1+81)(1+152) '

H =¢ p2(20142012) p%(—56/1—179/12—1248,13—45,14+1080,15)]
— 1 1

(1432)(1+82)(1+151) 2(1+32)3(1+82)(1+152)
and

j= [c%(—36;1—95/12—1107/13—993;14—1215;15+1080,16) c2(10142012)
- 2(1431)3(14821)(1+15) 1+3)+81)(1+150)]"

Therefore |83| < |F|+|G|+[H|+J].

. . _ 1-91+42422 _2-621-1651%2-99913+1512 14
For |F|, by applying lemma(2.3) with B= TAF3N 8D and D = (L33 (L1E) :
we get
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|F|_ When A=0.

For |G|,First note that, since the coefficients of ¢}, c;c, and c; are all positive on 1< 1 <

5.184, using the inequality |c,| <2 forall n =1,2,...

We get the result

_2+4122146281%2-1764 13— 5202,14+2040,15+9396,16+4320/17

G= 3(1+31)3(1+81)(1+154)

Next, write the expression,

1431 [c 3(423-92-1922)c1c; | (—342— 13712—1248/13—2214/14+29415+234926+1080/17)61]
3(1+15) | 3 (1+31)2(1+81) 2(1+31)%(1+82)
. 14321

It is of the formm[ — 2Bc;ic; + Dc3.

On the interval 2 >5.184, we notethat 0 < B < 1 and (D — B) = 0.

3(443-91-1912) and D=C34= 13712124823 — 2214,14+294/15+2349,16+1080/17)

whereB= 2@+3n2ren & 2(1+30)*(1+84)

Applying lemma(2.3), we get the result

2+12/1+628/12—1764/13—5202/14+2040,15+9396,16+4320/17

G= 3(1+31)3(1481)(1+154)

For the remaining interval 0 < 1 < 1, we use lemma (2.1)

c3(1+6143141%2-88223-26011*+10201°+46981°+216017) = cly|(4—c?)(2+821+2282%2+12023)
12(14321)3(1+8)(1+152) 12(1432)(1+81)(1+154)

clyl?2(4=c?)(1+32) | (4—c?)(1-ly|?)(1+321) _
12(1+152) 6(1+151) - (l)(C, |y|)

G| <

We now use elementary calculus to find the maximum of the above expression.

We consider the end points [0,2]x[0,1]

4(1-lyH(A+32) _ 2(1431)

0
¢, IyD = 6(1+152) 3(1+3/1)
b2,y = 2(1+61+31412-88213-26011*+10201°+46981°+216017)
3(1+32)3(1481)(1+152) '
b(c,0) = c3(14+61+31422-88223-26011%+10202°+46981°+216017) | c(4—c?)(2+82A+2281%+12023)
S 12(1432)3 (1+82) (1+154) 20430 (1+80)(1+151) "
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c3(1461+3142%2-88223-26011*+102015+46981°+216017) = c(4—c?)(2+821+22812+12043)
12(1+32)3(1+81)(1+151) 12(1+34)(1+82)(1+152)

¢(c,1) =

c(4—c?)(1+31)
12(1+1521)

Sothatfor0O< A1 <1,

_2+121+628A%—1764 135202 1% +204015+9396A°+4320 17

G 3(1+31)3(1+81)(1+154)

ForA >0,

_2+122+6281%2-176413-52021%+20401°+93961°+4320217

G 3(1+31)3(1481)(1+154)

2 3 4 _ 5
For |H|, by applying lemma(2.2), with u = S6A+1794 H(ZJ:S;A;%A 108047

We get the result,

4(20142022)

hatsnaesy oro=as<117e.

HI< 5

since the coefficients of p?, p, and c, all are positive on A > 1.176, applying the inequality

[p,,|< 2 and |c,| < 2 forall n=1,2,..., we get the result

1442+156 124379223 +5401%—432025

H< (1+31)3(1+81)(1+1521) :

for A > 1.176.

For |J|, On the interval 0< A <1, using lemma(2.2), we get

0l < 20144022
= (1430)(1+8)(1+151)"

For A >1, since the coefficients of c?, ¢, and p, all are positive , we are using the inequalities

|p,|< 2 and |c,|< 2 for all n=1,2,...
We get the result,

10414+6012+358813+3252 1% +486015+43201°
(1+32)3(1484)(1+151)

Nl < ,forA > 1.

By adding all these, we get the first and second inequalities of |§3| on the intervals 0< A < 1

and A > 1 respectively.

V4

The inequality |54 | is sharp with respect to p(z):g and g(z)= o
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5. THE COEFFICIENTS OF INVERSE FUNCTION

As f € QS*(2) is univalent, its inverse function £~ exist defined in some disc |w|< A. Let
fH(w)= wt+d,0? + A;03 + A,w*+... Then since f(f ! (w)) = w, equating the coefficient

gives
Ax=—ay,
As=2a5 — as,
Ay,=—5a3+5a,a;—ay.

Theorem 5.1.Let f € QS*(1), g € S*, for A > 0, and £~ be the inverse function of f.

Then

2(2+27
14, < 222
(1432)

24+661+1741%+523 0<l<?

IA5]< (14+321)2(1+82) e - T =T
3= 2 3
16+1081+12812+361

A= 2,

(1+32)2(1+81) ’

540+96381+3779812+26482134+245901%+32220 15 +939616+4320 17

A = 3(1+31)3(1+81)(1+154) 420
The first inequality is sharp.
Proof.The inequality |4, is trivial.
For |A3| write,
| l_p%(4+23/1+9/12) P2 b%(1+81+1642+1143) _ b3(1422) | p1b2(3+202+174%)
3172 +30)2(1480)  (1+82) (1432)2(1+81) 1+84 (14+32)2(1+81)
Applying lemma(2.2), on the interval 0< A1 < 2. We get
24+661+1741%+523

ZEIRS (1+32)2(1+81)
Since p?, p,, cZ, c, are positive,by using lemma(2.2),we get

16+108A+12812+3613

|A3] < 1302 (L180) ,when 1 > 2.
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Consider A, =M+N+P+Q.

_ p3 p1p2(5+511+2422) p3(30+4741+16831%+62113+15121%)
141512 (1432)(14+81)(1+152) 6(1+31)3(14+81)(1+151) ’

_c3(1431)  c1ca(4+542+150A%+12823)

T3(14154) 2(1+31)2(1+84)
c3(16+3101+16872%2+3004 13 +28581%+25741°+2349164+108017)
2(1+32)4(1+841)
p=c 4444244012 ( _p%(20+332/1+1245,12+348,13+495,14+1080,15))]
a+sna+sna+isay \F2 2(1431)2 (4+441+4042) :
and Q= [clz(20+376A+1797/12+222513+1287l4+121515+1080/16) c2(101+2022) ]
b1 2(1432)3(1481)(1+151) A+31)(1+81)(1+150)1°

Hence |A4|<|M[+|N[+|P|+|Q|.

For |M|, since the coefficients of p3, p;p, and p; are positive when A > 0,by applying

lemma(2.2) we get the result

2243422+1421%2-109813+1584 14

<
M| =< (1432)3(14+81)(1+152)
. 3(4+541+15012+128243
For |N|,we use lemma(2.3) when A > 0 with B= ( ) and
4(1+32)2(1+841)
_16+3101+168712+3004 13 +28581%+25741°+234916+108017
D= \We get
2(14+31)4(1+82)
IN| < 42+8121+39881%+401223+6141%+46801°+93961°+432017

3(1+31)3(1+82)(1+1521)

. . 20433214124512 434813 +4951% 41080 1°
For |P|, using lemma(2.2), with u = 1302 (41 4417407%)

we get the result, by using lemma(2.2)

64+10561+362012—-115213+5401%+4320 15
(1+321)3(1+82)(1+151)

IP|< , When 4 > 0.

For |Q|, on the interval A > 0 since all the coefficients are positive on the interval we

applying lemma(2.2), we get the result

2(40+7721+3754 12 +4870A3+293421%+24301°+21601°)
(14+32)3(1+81)(1+1521) '

IQl <

Therefore adding up all these results, we get the inequality for [4,4].
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The inequality |A,| is sharp with respect to p(z):g and g(z)= ﬁ
6. THE SECOND HANKEL DETERMINANT

The problem of finding sharp bounds for the Hankel determinant H,(2) = |a,a, — a3| for

subclass of univalent functions has received much attention in recent years.
Theorem 6.1. Let f €QS*(4) for 0 < A < 1, and be given by (1.1)
Then

163+4843/1+3086512+6866113+52440/14+1620/15, A+ 1,

2 2
H2(2) — 12(1432)4(14+81)4(1+151) ) ) (61)

1

8
Here H,(2) = |a,a, — a3|. On substituting a,, a; and a, values in above expression ,we get
H,(2)=V+W.Where

_ p4(131+13322+67813+18001%—316815) = (131+5542)p?(4—p?)|y| pZ(4—pd)|y|? 4—p2)|y|?
2(1+30)4(1+81)2(1+151) 2(1+30)2(1+8A)(1+151)  4(1+31)(1+151)  4(1+81)2

V

p(4—-p3)A-ly|*») (4—02)2(1—IYI2)(1+2/1)2 c(4—c®H)(A-ly|*)(1+2)
2(1+32)(1+154) 16(1+81)2 6(1+1521)

c4(—3—245A—345412—2735013+12891114—23572115—9150416+19774817+22809618+6912019)_I_
48(143)4(14+81)2(1+151)

c2(4—c?)|y|(1+89A+743A2 4192713 +1764 24 +6601°)  c2|y|2(4—c2)(1+1)
24(14+32)2(1481)2(1+151) 12(14+151) ’

and

W= [ c3(1+32) c1¢2(242+15022+15823-16424%) = ¢3(-2-2101-271812-17430A3-64352 %)
~ b1 3(14+31)(1+152) 2(1431)2(1+82)2(1+1521) 6(1+31)4(14+81)2(1+151)

cf(—77216,15+16254;16+78192/17+34560/18)] [p%(1+36/1+222,12+443/13+270,14) _ p2(1+2)l)] N
6(1+31)4(1+81)2(1+152) z 2(1+321)%2(1+81)2(1+151) (1+82)2

2 [p%(—1—119/1—1439/12—8365/13—27086,14—17376/15+19890,16+17280,17) n
1 2(1+30)4(1+81)2 (1+152)

p2(1424+1021%4222234+1901%)
(1+32)2(1+81)%2(1+1521)

[ p3(1+4) +p1p2(—1+6,1+5,12—194,13—19u4)
La+3na+152) (1+32)2(1+81)2(1+1521)

p3(—2341-262812-1321213-35388 /'14+13446/15+38016/16)]
6(1+32)2(1+81)2(1+152) )
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We simplify V and W by converting p, and p3 interms of p; using lemma (2.1) and then
normalize p;=p over 0 < p < 2. Further proceeding by using the lemma (2.2), we arrived at

the required inequality for A # 1.When A1=1, QS* =C*. Clearly every quasi-convex function
is close-to-convex[7] and H,(2) for K is%, which is sharp[8].
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